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The Heisenberg’s error-disturbance relation is a cornerstone of quantum physics. It was recently
shown to be not universally valid and two different approaches to reformulate it were proposed
[1–5]. The first one focuses on how error and disturbance of two observables, A and B, depend
on a particular quantum state [1–3]. The second one asks how a joint measurement of A and B
affects their eigenstates [4, 5]. Previous experiments focused on the first approach [6–12]. Here,
we focus on the second one. Firstly, we propose and implement an extendible method for quantum
walk-based joint measurements of noisy Pauli operators to test the error-disturbance relation for
qubits introduced in Ref. [5]. Then, we formulate and experimentally test a new universally valid
relation for the three mutually unbiased observables. We therefore establish a fundamentally new
method of testing error-disturbance relations.
PACS numbers:
The test of Heisenberg’s error-disturbance relation has
been recently proposed [1, 2, 13] and implemented [6–
12] and the observed violation became a subject of a
heated debate [1–5, 14, 15]. The relation can be for-
mulated as ε(A)η(B) ≥ 12 |〈[A,B]〉, were ε(A) is the
measurement precision of an observable A and η(B) is
the disturbance that this measurement induces on an-
other observable B. The violation stems from states for
which measures of error and disturbance can be both zero
ε(A) = η(B) = 0, while at the same time the estimated
lower bound on them is non-zero [3, 14, 16]. This mo-
tivates a state-independent approach [4, 5] in which the
error-disturbance trade-off is evaluated for a set of states
that “calibrate” the measurement apparatus [4].
More precisely, the idea of the state-independent ap-
proach [4, 5] is to test the measurement-disturbance
tradeoff in a setup allowing for a joint measurement of
both observables, see Fig. 1. In general, an exact mea-
surement of A and B cannot be performed if the two
observables are incompatible. However, one can find
another measurement procedure, let’s call it C, whose
outcomes can be used to estimate A′ and B′ that are
noisy versions of the original observables. The error-
disturbance trade-off can be later evaluated by compar-
ing the outcomes of A′ and B′ with the outcomes of A
and B that were obtained in scenarios when the original
observables were measured separately.
Instead of using ε(A) and η(B) it was proposed to mea-
sure the error-disturbance trade-off in terms of a distance
∆(A,A′) and ∆(B,B′) [4]. Intuitively, ∆(A,A′) mea-
sures how well A′ approximates A (similar for B and B′).
Next, it was shown in Ref. [5] that for ±1 qubit mea-
surements the state-dependent distance is of the form
∆(Aρ, A
′
ρ)
2 = 4 |p(A+)− p(A′+)| , (1)
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FIG. 1: Joint measurement of A and B cannot be done with
perfect precision due to their incompatibility. Instead, one
looks for an optimal observable C from which noisy versions
of the two observables, A′ and B′, can be estimated. The
error-disturbance trade-off is evaluated by a comparison of
the outcomes of A′ (B′) with the outcomes of A (B) when
measured alone.
where ρ = 12 (1 + r · σ), p(A+) = Tr{ρE(A+)} and
E(A+) is the generalised measurement operator (Pos-
itive Operator Value Measure – POVM) correspond-
ing to the outcome A = +1 – for details see Meth-
ods. The qubit POVM operators can be expressed as
E(A+) = 12 (a01 + a · σ) and E(A′+) = 12 (a′01 + a′ · σ),
therefore ∆(Aρ, A
′
ρ)
2 = 2|a0 − a′0 + r · (a− a′)|. In or-
der to obtain state-independent distance one chooses r
to be a unit vector lying along a− a′ and therefore
∆(A,A′)2 = 2|a0 − a′0|+ 2‖a− a′‖. In particular, if A is
a sharp observable then a0 = 1 and a is a unit vector. In
addition, if we choose A′ to be an unsharp version of A
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FIG. 2: Experimental setup. a, The configuration for preparing four input states and the relevant settings of HWP1 and
QWP1. b, Setup for conducting the Von Neumann Measurement of σx, σy and σz and the relevant settings of HWP1 and
QWP1. |σk+〉〈σk + | is the measurement operator corresponding to the outcome σk = 1, where k=x, y and z. c, Optical
network for Joint measurement of three pairs of Pauli operators: (σx, σy), (σx, σz) and (σy , σz). d, Optical network for joint
measurement of three Pauli operators.
such that
E(A′+) =
1
2
(1 + ηa · σ), (2)
where 0 < η ≤ 1 is the efficiency, then the distance is
maximised for r = a. Using the above choice we can
think of the measurement process as of “calibration” [4],
since for such states the outcome of A is known. In this
case ∆(A,A′)2 = 2(1− η).
The Heisenberg-type relation for qubit measurements
that uses the distance approach is of the form [5]
∆(A,A′)2 +∆(B,B′)2 ≥
√
2 (‖a− b‖+ ‖a+ b‖ − 2) .
(3)
The maximal value of the lower bound is 4 − 2√2 and
can be obtained for mutually unbiassed observables in
which case a ⊥ b. The equality is achieved for η = 1/√2.
Interestingly, joint measurement of two unsharp unbiased
observables is possible for η ≤ 1/√2 [17–20].
In Ref. [21] it was proposed that POVM measure-
ments can be naturally implemented in a discrete-time
quantum walk setup. This idea was recently experimen-
tally verified [22, 23]. Such setup perfectly matches the
joint-measurement requirements discussed above, since
it naturally implements a measurement C that allows to
estimate A′ and B′ which are approximations of A and
B. Moreover, substantial control over the quantum walk
parameters allows one to implement joint measurements
of practically any pair of qubit measurements and even
of a triple of qubit measurements.
A discrete-time quantum walk is a simple model of a
single particle dynamics moving in a discrete space. Here,
we consider a simple case of a one-dimensional space [24].
The state of the particle is described by |x, c〉, where
x = . . . ,−1, 0, 1, . . . is the position and c =←,→ is a
two-level degree of freedom known as a coin. In each
step of the evolution the particle moves either to the left
or right, depending on the state of the coin. This condi-
tional translation is described by
T =
∑
x
|x+ 1,→〉〈x,→ |+ |x− 1,←〉〈x,← |. (4)
In addition, the coin degree of freedom also evolves ac-
cording to
C =
(
cos θ e−iβ sin θ
−eiβ sin θ cos θ
)
(5)
in order to allow for a superposition of walking right and
left at the same time. A single step of the evolution is
given by TC and it can be considered as a standard von
Neumann measurement of the coin. If the walker moved
3to the right we know that the coin was initially in the
state C†| →〉 and if it moved to the left we know that the
coin was in the state C†| ←〉.
However, we can consider more than one step of the
underlying quantum walk in which the operator C can
depend on time and position. This allows for a nontriv-
ial engineering of correlations between the position and
the coin. As a result, the measurement of the particle’s
position constitutes a POVM on a coin degree of free-
dom. Then we construct the joint measurements of two
and three observables based on quantum walk, and use
our joint measurements to test the error-disturbance re-
lation for qubits.
Experimental setup. For the quantum walk setup
we constructed, the position of the particle x and the
coin state c are encoded in the longitudinal spatial modes
and polarizations |H〉, |V 〉 of the single photons. The
conditional translation operator T is realized by the de-
signed BD, that does not displace the vertical polar-
ized photons (|x, V 〉 → |x, V 〉) but makes the horizon-
tal polarized ones undergo a 4 mm lateral displacement
(|x,H〉 → |x+1, H〉). In the experiment, the input states
are prepared by passing single photons through a BD
(the vertical polarized photons are blocked), a half-wave
plate (HWP) and a quarter-wave plate (QWP) in a spe-
cific configuration. The detailed settings can be found in
Fig. 2.
Experimental test of the Busch-Lahti-Werner
qubit relation. We consider joint measurements of
noisy pairs {X ′, Y ′}, {Y ′, Z ′} and {X ′, Z ′}. We aim to
achieve the efficiency η = 1/
√
2 (see Supplementary In-
formation for detailed results). In addition, we perform
standard separate von Neumann measurements of X , Y
and Z. This is necessary to evaluate the state-dependent
and state-independent distances. The measurement of
calibration states allows us to test (3) for all possible
pairs, as well as to measure state-dependent distances
∆(Aρ, A
′
ρ)
2 and to observe that in some cases they can
be very small. The measured distances are shown in Fig.
3.
Next, we identify the state-independent calibration
distances. Their theoretical value is 2(1 − 1/√2) ≈
0.5858. We get ∆(X,X ′)2XY = 0.5545 ± 0.0134 and
∆(Y, Y ′)2XY = 0.6235± 0.0132, ∆(X,X ′)2XZ = 0.6425±
0.0128 and ∆(Z,Z ′)2XZ = 0.6011±0.0133,∆(Y, Y ′)2Y Z =
0.6386± 0.0129 and ∆(Z,Z ′)2Y Z = 0.6055± 0.0133.
The sums of the pairs of calibration distances are
1.1780 ± 0.0266, 1.2436 ± 0.0261 and 1.2441 ± 0.0262,
respectively. Because we measure mutually unbiassed ob-
servables the lower bound of (3) is 4−2√2 ≈ 1.1716. We
therefore confirm the validity of (3). We also observed
that for specific states some pairs of state-dependent
distances are small. For example, ∆(Yx+, Y
′
x+)
2
Y Z =
0.0277± 0.0173 and ∆(Zx+, Z ′x+)2Y Z = 0.0414± 0.0169.
A similar effect lies at the root of the violation of state-
dependent error-disturbance relations. Moreover, this
FIG. 3: Distance values for joint measurement of two
unsharp Pauli observalbles. Different colour bars repre-
sent the different input states: |x+〉, |y+〉 and |z+〉. The
values of state-independent calibration distances are shown
as the blue lines. The error bars are obtained by Monte Carlo
simulation (1,000 runs)
result confirms observations in [3, 14, 16]. Our mea-
surement data also allows us to reconfirm some of the
previous experimental results [6–11] – see supplemental
material.
New relation for three unbiassed observables.
We propose a special scenario in which one can use state-
dependent error-disturbance measures by adding an ad-
ditional measurement to the relation. In particular, we
consider a trade-off relation between the three unbiased
Pauli observables. In this case the measurements span
all three directions in the Bloch-ball representation of the
qubit and therefore the state of the system does not stand
out from the parameter space described by the measure-
ment.
Let us consider a joint measurement of the three un-
sharp Pauli observables X ′, Y ′ and Z ′, with the corre-
sponding efficiencies ηx, ηy and ηz, that approximate the
original spin operators. For the state ρ one has
∆(Xρ, X
′
ρ)
2 +∆(Yρ, Y
′
ρ)
2 +∆(Zρ, Z
′
ρ)
2 (6)
≥ rmin{∆(X,X ′)2,∆(Y, Y ′)2,∆(Z,Z ′)2}.
For derivation see – methods.
Next, we experimentally test the above relation. We
perform a joint measurement of unsharp versions of X ,
Y and Z (results in Fig. 4). In particular, we focus on
the case ηx = ηy = ηz = η for which the three unsharp
observables are jointly measurable if η ≤ 1/√3 [17–20].
We aim at η = 1/
√
3.
We obtained the following state-independent distances:
∆(X,X ′)2 = 0.8728 ± 0.0211, ∆(Y, Y ′)2 = 0.8064 ±
0.0217, ∆(Z,Z ′)2 = 0.7681 ± 0.0216. The theoretical
value for all three distances is 2(
√
3− 1)/√3 ≈ 0.845.
4FIG. 4: Normalized probability distributions for joint
measurement of three noisy observables X, Y and Z.
Different colour bars represent the different input states: |ψ〉,
|x+〉, |y+〉 and |z+〉. The theory values are shown as the star
markers, and error bars are too small to identify.
Next, we evaluated state-dependent distances. For
state |x+〉 we obtained ∆(Xx+, X ′x+)2 = 0.8728±0.0211,
∆(Yx+, Y
′
x+)
2 = 0.2984 ± 0.0240, and ∆(Zx+, Z ′x+)2 =
0.0828± 0.0222. For |y+〉 we obtained ∆(Xy+, X ′y+)2 =
0.1176 ± 0.0227, ∆(Yy+, Y ′y+)2 = 0.8064 ± 0.0217, and
∆(Zy+, Z
′
y+)
2 = 0.0611±0.0229. Finally, for |z+〉 we ob-
tained ∆(Xz+, X
′
z+)
2 = 0.1184±0.0226,∆(Yz+, Y ′z+)2 =
0.1934± 0.0237, and ∆(Zz+, Z ′z+)2 = 0.7681± 0.0216.
The above values can be plugged to relation (6), how-
ever due to experimental noise they do not saturate it.
The relation is more interesting when tested for state
|ψ〉. In this case we obtain ∆(Xψ, X ′ψ)2 = 0.7932 ±
0.0233, ∆(Yψ , Y
′
ψ)
2 = 0.2652±0.0238, and ∆(Zψ, Z ′ψ)2 =
0.1932±0.0201. In addition, to evaluate the lower bound
we need to know the value of r. Although in principle the
state was assumed to be pure, the actual value of r can be
evaluated from the average values of von Neumann mea-
surements
√
〈X〉2 + 〈Y 〉2 + 〈Z〉2 = 0.9888. Plugging all
this to (6) one gets 1.2516± 0.0672 > 0.7595.
To conclude, we report an experimental implementa-
tion of quantum walk-based joint measurements of noisy
Pauli operators. We use the optical setup in which
the spatial modes of a single photon correspond to the
walker’s position and the polarisation plays the role of
the coin. Next, we use the outcomes from a joint mea-
surement of two observables to test the error-disturbance
relation for qubits introduced in Ref. [5]. Note, that the
previous experiments testing error-disturbance relations
were based on the weak-value method or the so-called
three-state method [15] and that the quantum walk based
joint measurement method used by us is fundamentally
different. Finally, we propose a modified relation for
three mutually unbiassed observables and test it using
the outcomes from a joint measurement of all three Pauli
operators.
APPENDIX
Generalised quantum measurements. In this
work we consider polarisation measurements of a single
photon, that can be represented by binary ±1 observ-
ables. A joint measurement of two such observables re-
quires four outcomes which can be obtained with a help of
Positive-Operator Valued Measure (POVM). The POVM
elements Ei (i = 1, 2, . . . , n) obey
∀ρ Tr{ρEi} ≥ 0,
n∑
i
Ei = 1 . (7)
They do not form an orthonormal set and hence their
number can be greater than the dimension of the system.
In order to implement POVMs one can perform standard
measurements on a joint system consisting of an original
system and an ancilla in a known state. The idea of per-
forming joint measurements of incompatible observables
with the help of POVMs was discussed in the literature
before – see e.g. [17–20].
Quantum walk algorithm for an arbitrary set
of rank 1 POVM elemts. The following algorithm
was presented in [21]: (1) Initiate the quantum walk at
position x = 0 with the coin state corresponding to the
qubit state one wants to measure. (2) Set i := 1. (3)
While i < n do the following: (a) apply coin operation
C
(1)
i at position x = 0 and identity elsewhere and then
apply translation operator T ; (b) apply coin operation
C
(2)
i at position x = 1, NOT at position x = −1 and
identity elsewhere and then apply translation operator T ;
(c) set i := i+1. The generated POVM elements depend
only on the choice of C
(1)
i and C
(2)
i . This algorithm can
be easily modified to include generation of rank 2 POVM
elements [21]. For an exact form of coin operators used
in the experiment see the supplementary material.
Joint measurement of two observables. The four
rank 1 POVM elements for a joint measurement of noisy
σk and noisy σl are of the form
Mk,la,b =
1 + (a · σk + b · σl)/
√
2
4
(k, l = x, y, z; a, b = ±1).
(8)
5We implement them using quantum walks – for details see
supplementary material. The measurement of a photon
at position x = 5 corresponds to Mk,l+,+, x = 3 to M
k,l
−,−,
x = 1 to Mk,l+,−, and x = −1 to Mk,l−,+.
In figure 2(c), BD1 and BD2, BD3 and BD4 must be
aligned. By constructing two conventional interferome-
ters, we observed that the interference visibilities of the
interferometers are both above 0.99. By adjusting the
wave plates in the optical network, we make all the input
photon pass through the output ports -1, 1, 3, and 5 re-
spectively. Then the corresponding coupling efficiencies
of single mode fibers (η1) and the detection efficiencies of
APDs (η2) are calibrated to make sure the differences of
η1 × η2 for each output port are below 5%.
Derivation of the relation for three unbiassed
observables. For the three unsharp Pauli observables
X ′, Y ′ and Z ′, with the corresponding efficiencies ηx, ηy
and ηz , we get
∆(Xρ, X
′
ρ)
2 +∆(Yρ, Y
′
ρ)
2 +∆(Zρ, Z
′
ρ)
2 (9)
= 2 (|r · x(1− ηx)|+ |r · y(1 − ηy)|+ |r · z(1 − ηz)|) .
Note that r = r(sin θ cosϕ, sin θ sinϕ, cos θ) and without
loosing generality we can focus on the case θ ∈ [0, pi2 ] and
ϕ ∈ [0, pi2 ]. The above expression becomes
2r (sin θ cosϕ(1 − ηx) + sin θ sinϕ(1 − ηy) + cos θ(1− ηz))
(10)
, which is bounded from below by 2r(1−max{ηx, ηy, ηz}).
Therefore, one obtains the following relation
∆(Xρ, X
′
ρ)
2 +∆(Yρ, Y
′
ρ)
2 +∆(Zρ, Z
′
ρ)
2 (11)
≥ 2r(1−max{ηx, ηy, ηz})
= rmin{∆(X,X ′)2,∆(Y, Y ′)2,∆(Z,Z ′)2}.
Joint measurement of three observables. The
eight rank 1 POVM elements for joint measurement of
noisy σx, σy and σz are given as follows:
Mx,y,za,b,c =
1 + (a · σx + b · σy + c · σz)/
√
3
8
(a, b, c = ±1).
(12)
Details of their quantum walk implementation are given
in supplementary material. The measurement of photon
at position x = 13 corresponds to Mx,y,z+,+,+, x = 11 to
Mx,y,z−,−,−, x = 9 to M
x,y,z
+,+,−, x = 7 to M
x,y,z
−,−,+, x = 5 to
Mx,y,z+,−,+, x = 3 to M
x,y,z
−,+,−, x = 1 toM
x,y,z
+,−,−, and x = −1
to Mx,y,z−,+,+.
To align the six pairs BDs (BD1 and BD2, BD3 and
BD4, BD5 and BD6, BD7and BD8, BD9 and BD10,
BD11 and BD12), we construct the conventional inter-
ferences which interference visibilities are all above 0.99.
These ensure a good alignment. As the quantum walk
step number growing, the unmounted fixed-angle wave
plates are inserted into specific positions to implement
corresponding coin operators. To calibrate interferences
we replaced the configuration Q’HQ by a single HWP
to decrease the effect of wave plates’ imperfection, e.g.
phase retarder and angle. Finally, all the coupling effi-
ciencies of single mode fibers and the detection efficien-
cies of APDs are calibrated.
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